Delays, arising in nonoscillatory and stable ordinary differential equations, can induce oscillation and instability of their solutions. That is why the traditional direction in the study of nonoscillation and stability of delay equations is to establish a smallness of delay, allowing delay differential equations to preserve these convenient properties of ordinary differential equations with the same coefficients. In this paper, we find cases in which delays, arising in oscillatory and asymptotically unstable ordinary differential equations, induce nonoscillation and stability of delay equations. We demonstrate that, although the ordinary differential equation
Introduction
Let us start with one of motivations of this study considering a simplified model for motion of a single mass point
where X(t) = col{x  (t), x  (t), x  (t)}, f (t) = col{f  (t), f  (t), f  (t)}. Let a solution Y (t) = col{y  (t), y  (t), y  (t)}, which defines the trajectory we want to 'hold' , be known and our purpose is to hold our object 'close' to this trajectory. It is impossible to 'achieve' this proximity on the semiaxis, because of instability of system (.). As a result, we have to make corrections of the motion changing the right-hand side f . We try to construct a control which makes this correction automatically. A standard approach is to construct a feedback con-http://www.journalofinequalitiesandapplications.com/content/2014/1/361 trol u(t) which depends on the difference X(t) -Y (t) or more exactly on the difference X(t -τ (t)) -Y (t -τ (t)) since in real systems delay in receiving signal and in reaction on this signal arises. The control terms like u(t) = - is the known right-hand side. Using the fact that Y (t) satisfies (.), i.e. Y (t) = f (t), and subtracting this equality from (.), we get the following system: 
(t) = X(t) -Y (t).
The problem of stabilization has been reduced to the exponential stability of this system. In the simplest case of diagonal matrices P i , we get three separate equations. In the case of absence of delays (τ i (t) ≡ , t ∈ [, +∞), i = , . . . , m) and constant diagonal entries, we get existence of positive roots of characteristic equation in the case of negative entries and pure imaginary roots in the case of positive ones. Thus, even in the case of the positive entries, each of these equations is Lyapunov stable, but not exponentially stable and, as a result, there is no stability with respect to the right-hand side (in the sense that small changes in the right-hand side could imply very essential changes in the solutions). In this paper we limit ourselves to diagonal matrices P i (t) (i = , . . . , m) in order to be concentrated on the scalar second order equation 
, m).
We understand the solution of (.) in the traditional sense like in the book [] , i.e. as a function x : [, +∞) → (-∞, +∞) with absolutely continuous derivative x on every finite interval such that x ∈ L ∞ , satisfying (.).
Note that the delay equation (.) usually inherits the oscillation properties of the corresponding ODE . Note that the degree of instability of (.) (the maximum among positive real parts of the roots to (.)) tends to zero when τ →  and τ → +∞ [] . The results on existence of unbounded solutions in the case of variable coefficients and delays were obtained on the basis of a growth of the Wronskians in [] and developed in [, ] . One of the results can be formulated as follows [] : if there exists a positive constant ε such that τ (t) > ε and p(t) > ε, then there exist unbounded solutions to (.). In the paper [] results on the instability of the system
x (t) + p(t)x(t)
where ω >  and P(t) is an ω-periodic symmetric matrix function, were obtained. Results on the boundedness of solutions to the delay equation (.) in the case of nondecreasing coefficient p(t) and Note that an approach for studying asymptotic properties of equations with linear transformations of arguments
where a j , q and λ are constants, was proposed in [] and developed in [] , where the equations with a combination of delayed and advanced arguments are considered. A study of advanced equations (see, for example, (.), where τ (t) ≤ ) can be found in the paper [] in which results on boundedness, stability, and asymptotic representations of solutions are obtained. Summarizing, we can conclude that it appears to be impossible to obtain results as regards the exponential stability for one term of (.). It means that the control of the form
without damping term cannot help us in the stabilization of system (.). Stability and instability of the second order delay differential equation
with constant coefficients was studied in [, ], where it was noted that this equation in the case p  p  <  is of interest in machine tool analysis, in biology in explaining selfbalancing of the human body and in robotics in constructing biped robots (see the bibliography therein). Results on the stability of the equation
were obtained in [, ] . First results on the exponential stability of the equation
without the assumption θ (t) ≡ , as far as we know, were obtained in [] and developed in [, ] . The asymptotic stability of the equation It will be demonstrated that the control of the form (.), where m ≥ , can stabilize system (.). We obtain results as regards the exponential stability of (.), which are based on the maximum principles for the second order delay differential equation (.). Denoting (Mx)(t) = x (t) + m i= p i (t)x(t -τ i (t)), we can formulate the maximum inequalities principle [] in the form: it follows from the inequalities (My)(t) 
About representation of solutions for second order delay differential equations
The main object of this paper is the second order delay differential equation
with measurable essentially bounded f , p i , ϕ, τ i (i = , , . . . , n -), and τ i (t) ≥  for t ≥ .
In the traditional approach (see, for example, [, , ]), the homogeneous equation is considered as the equation was defined as (.) with the zero initial function
This definition of the homogeneous equation allows researchers to build an analog of the classical general theory of ordinary differential equations (ODEs) for functional differential equations using the key notions of the classical ODEs theory, and it is based on the fact that the space of the solutions of the second order equation (.), (.) becomes two-dimensional. Note that (.), (.) can be written as (.), (.), where The general solution of (.), (.) (we understand the notion of the general solution exactly like in the theory of ODEs) can be represented in the form []
where x  (t), x  (t) are two solutions of the homogeneous equation (.), (.) satisfying the conditions 
satisfies the estimate
where N and α do not depend on t  .
Definition . We say that the Cauchy function C(t, s) of (.) satisfies the exponential estimate if there exist positive N and α such that
It is well known that for (.) with bounded delays these two definitions are equivalent [].
Tests of positivity of the Cauchy functions and stability
Let us try to understand in which direction nonoscillation of (.) can be established. Taking into account the well-known oscillation results [], we come to the conclusion: only such smallness of the nonnegative coefficient p(t) that its integral on the semiaxis is bounded may be suitable for nonoscillation of (.). In the case of (.) the analogous smallness of the sum of the nonnegative coefficients p i (t) should be required for nonoscillation. Regarding stability, we know that the smallness of the delay (.) is necessary and sufficient for boundedness of all solutions to (.) with constant coefficient p(t) ≡ p > . It seems strange even to hope that assertions on nonoscillation and exponential stability can be achieved in the cases of non-tending to zero coefficients and delays. We will demonstrate that, although the ordinary differential equation
can be oscillating and asymptotically unstable, the delay equation (.), (.) under corresponding conditions on the coefficients p i (t) and delays τ i (t) is nonoscillating and exponentially stable. The basic idea of our approach is to avoid the condition on the nonnegativity of the coefficients p i (t) for all i = , . . . , m, and to allow terms with positive and terms with negative coefficients p i (t) to compensate each other. In order to formulate several simple corollaries of the main results proven below in Section , let us consider the equation
where a(t), b(t), τ (t), and θ (t) are measurable essentially bounded nonnegative functions. We denote
then the Cauchy function C(t, s) of (.) satisfies the exponential estimate (.) and the integral estimate
Corollary . Assume that the delays τ (t) ≡ τ , θ (t) ≡ θ are constants and
Then the assertions of Theorem . are true.
Consider the equation
There exist unbounded solutions of corresponding homogeneous equation 
Subtracting the equality
from the equation
we get the equation
for the difference z(t) = x(t) -y(t). The stabilization has been reduced to the stability of this equation. A possible algorithm to construct this stabilizing control is clear now: first we choose the delay θ close to τ such that condition (.) is fulfilled, then we choose b(t) close to a(t) such that condition (.) is fulfilled.
Example . Stabilizing (.), where a(t) ≡ a, let us choose the control in the form (.) with constant coefficient b(t) ≡ b. We come to the study of the exponential stability of the equation
with constant coefficient and delays and g(t) = f (t) + by(t -θ ). We can choose θ -τ =  ebθ from (.); then from (.) we get the following condition of the exponential stability:
Example . The equation
where a(t) ≥ a * > , possesses oscillating solutions with amplitudes tending to infinity [] that leads to the chaos in behavior of its solutions. This equation can also be stabilized by the control in the form (.). Consider, for example, the equation
, then the stabilization can be achieved by the control (.) with the parameters satisfying the inequalities
In the following assertion we assume the smallness of the difference of the delays θ -τ and do not assume the smallness of the delay θ .
Consider for simplicity the equation
with constant delays τ and θ and positive coefficients a(t) and b(t). http://www.journalofinequalitiesandapplications.com/content/2014/1/361
Theorem . Assume that  < τ < θ , there exists a positive ε such that Example . Consider the equation
It is clear from the definition of the Cauchy function (see (.) and (.)) that for t < θ , this equation is equivalent to the ordinary differential equation 
Remark . Note the closely related results for the first order delay differential equation x (t) + a(t)x t -τ (t) -b(t)x t -θ (t) = , t ∈ [, +∞), (.)
x(ξ ) = , ξ < , which were obtained in [] ; see also Chapter  in the book [] . Although the solutions of the equation can oscillate and the amplitudes of their solutions tend to infinity, the solutions of (.) cannot oscillate and tend to zero exponentially. For example, consider the equation
with constant coefficient and delay, which has oscillating solutions with amplitudes tending to infinity, but the equation
is nonoscillating and exponentially stable if
Auxiliary results
Let us formulate several results on systems of functional differential equations with Volterra operators. We mean the Volterra operators according to the following Tikhonov definition. Assume that B : 
Definition . We say that an operator
B : C [,∞) → L ∞ [,∞)
is a Volterra one if for every two functions y  and y  and every ω, the equality y  (t) = y  (t) for t ∈ [, ω] implies the equality (By  )(t) = (By  )(t) for t ∈ [, ω].
Consider the system
where 
Lemma . Let the Cauchy function k(t, s) of the scalar equation
then nontrivial solutions of the homogeneous equation
have no zeros for t ∈ [, +∞) and its Cauchy function C(t, s)
>  for  ≤ s ≤ t < +∞.
This lemma follows from Theorem . (see [, p.]).
Denote H * = esssup t≥ {t -H(t)}.
Denoting B  the norm of the operator B  :
, as a corollary of this assertion we get the following.
, then the Cauchy function C(t, s) of (.) is positive for  ≤ s ≤ t < +∞.
Remark . Let us consider the second order scalar functional differential equation
and the corresponding system
The Cauchy function C(t, s) of (.) coincides with the entry K  (t, s) of the Cauchy matrix K(t, s) of system (.) and C t (t, s) coincides with the entry K  (t, s) . If the function y(t) is the solution of the initial value problem
) = y(t) and K  (t, ) = y (t). Note that if z(t) is the solution of the initial value problem consisting of equation (.) and the conditions
x() = , x () = , (.) then K  (t, ) = z(t), K  (t, ) = z (t).
Main results
Let us consider the equation
and the corresponding homogeneous equation
where
, and the Cauchy function of the first order equation
+∞. Then the following assertions are equivalent: () there exists a function v with absolutely continuous and essentially bounded derivative v and essentially bounded derivative v such that
there exists a bounded absolutely continuous function u with essentially bounded derivative u such that () the Cauchy function C(t, s) of (.) is nonnegative for  ≤ s < t < +∞, and solutions
The proof of Theorem . is based on several auxiliary results.
Lemma . Assertions () and () of Theorem . are equivalent.
Proof () ⇒ (). In order to prove this implication, let us choose the function v(t) in the condition () in the form
and demonstrate that it satisfies the condition (). Differentiating, we get
and
We see that v(t) > , v (t) ≤ . In the calculation of (Mv)(t), one gets, carrying the exponent (.) out of the brackets,
, where the function v(t) from the assertion (), and demonstrate that this function satisfies the assertion (). Obviously the function u(t) is nonnegative. The function v(t) satisfies the equation v (t) + u(t)v(t) =  and consequently it can be represented in the form (.). The derivatives of the function v(t) are defined by (.) and (.). From the inequality (Mv)(t) ≤  we get inequality (.) and consequently condition (.) is fulfilled.
The implication () ⇒ () has been proven.
Proof of Theorem . () ⇒ (). Let us rewrite (.) in the form
To compare this system with system (.), we observe that the operators B ij : ) are of the following forms: Remark . There is a corresponding inconvenience in choosing the functions v(t) because of the equality v(t -τ i (t)) =  for t -τ i (t) < . Trying to avoid this inconvenience, we can make the following trick. Let us define the auxiliary operator B : 
where the parameter β will be defined below in the formulation of Theorem .. Define the norm of this operator as
. . , m and τ j (t) ≡  for j = , . . . , m, on the interval t ∈ [-H * , ), and consider the equation
where f : [-H * , +∞) → (-∞, +∞) is a measurable essentially bounded function and
with the same β as in (.), which will be defined below.
It is clear from the definition of the Cauchy function by (.), (.) that the Cauchy functions of (.) and (.) coincide in  ≤ s ≤ t < +∞. 
is fulfilled. 
is true.
Proof of Theorem . Let us start with the proof of the assertion (). We set v(t) = exp{-α(t -H * )} for t ∈ [-H * , +∞) in the assertion () of the following reformulation of the assertion () ⇒ () of Theorem . for (.). 
() the Cauchy function C(t, s) of (.) is nonnegative for  ≤ s < t < +∞, and the solutions x  (t), x  (t) of the homogeneous equation and it is satisfied for β = α. This explains how to choose β in the definition of the operator B by (.) and the coefficient q(t) in (.). The second inequality is
and, after carrying the exponent out of the brackets, we get inequality (.). Thus inequalities (.) and (.) are results of a choice of the corresponding function v(t) in assertion () of Lemma .. Equation (.) can be rewritten in the form
where the operator B is defined by (.). The condition (a) implies, according to Lemma ., the positivity of the Cauchy function of the first order equation (.). Now we see that all conditions of Lemma . and assertion () are fulfilled. According to Lemma ., we obtain assertion () of Theorem ..
Let us prove assertion () of Theorem .. The general solution of (.) can be represented in the form
where solutions x  and x  of the homogeneous equation (Mx)(t) = , t ∈ [-H * , +∞) satisfy the conditions
The function y(t) ≡  ε satisfies the initial conditions
and the equality
Using condition (.), we obtain
From representation (.), using (.)-(.), we get
and, taking into account the nonnegativity of C(t, s), we get
Positivity of x  (t) and nonnegativity of C(t, s) imply that
this proves the integral estimate (.). It is clear that
for every measurable essentially bounded f such that |f (t)| ≤  for t ∈ [, +∞). It means that the function
is bounded for every function f measurable and bounded on the semiaxis t ∈ [, +∞). Each of the solutions of (.) can be presented on [, +∞) as a solution of the equation
where ψ(t) is a corresponding measurable bounded function such that ψ(t) = f (t) for t ≥ H * . Then the solution x of (.) is bounded and consequently the solution of (.) is bounded for every measurable bounded function f (t), t ∈ [-H * , +∞) and
is bounded for every measurable bounded function f . Let us prove that the function x  (t) = C(t, -H * ) is bounded on the semiaxis t ∈ [-H * , +∞). The function y(t) =  -exp{-t + H * } satisfies the Cauchy problem
where the differential operation M defined by (.) and f (t) = (My)(t). It is clear that this function f is bounded on the semiaxis t ∈ [-H * , +∞). The solution y of (.), (.) can be written in the form
It follows now from the boundedness of the integral (.) for every bounded f that x  (t) is bounded for t ∈ [-H * , +∞). in the case of more general than diagonal matrices P i (t), i.e. to obtain results on the exponential stability of the system X (t) + 
